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EXTENDING  QUASI -STATIC  RANGE  FINITELY  CONDUCTING 
EARTH  IMAGE  THEORY  TECHNIQUES  TO  OTHER  RANGES 


INTRODUCTION 

During  the  past  few  years,  finitely  conducting  earth  image  theory 
techniques  have  proved  quite  useful  in  determining  quasi-static  range 
field  component  expressions  (of  simple  form)  for  antennas  located  near 
the  earth's  surface  --  for  both  single  layered  and  multilayered 
earths. The  quasi-static  range  is  defined  as  that  range  where  the 
measurement  distance  is  much  less  than  a free-space  wavelength. 

Physically,  the  essence  of  the  finitely  conducting  earth  image 
theory  technique  is  to  replace  the  finitely  conducting  earth  by  a per- 
fectly conducting  earth  located  at  the  (complex)  depth  d/2,  where  d = 

2/y  - 6 ( 1 - i ) , y is  the  propagation  constant  in  the  earth,  and  6 is  the 
earth  skin  depth.  Analytically,  this  corresponds  to  replacing  the  alge- 
braic "reflection  coefficient"  (u-A)/(u+A)  in  the  exact  integral  expres- 
sions by  exponent  ( - Ad ) , where  X is  the  variable  of  integration.  For 
antennas  located  at  or  above  the  earth's  surface,  this  approximation  is 
valid  throughout  the  quasi-static  range. 1 

It  is  the  purpose  of  this  report  to  show  that  finitely  conducting 
earth  image  theory  techniques  are  not  limited  to  the  quasi -static  range 
alone.  We  will  demonstrate  that  they  can  be  utilized  at  any  range  from 
the  source. 

We  will  consider  two  sources:  (1)  an  infinitely  long  cable  (i.e., 

a long  horizontal  line  source),  located  at  height  h (h  > 0)  with  respect 
to  a Cartesian  coordinate  system  (x,y,z),  carrying  a constant  current  I 
in  the  positive  x direction,  and  (2)  a vertical  magnetic  dipole  (VMD) , 
located  at  height  h (h  > 0)  with  respect  to  a cylindrical  coordinate 
system  U,  if , z),  carrying  a constant  current  I,  and  whose  axis  is  loca- 
ted in  the  z direction.  The  homogeneous  earth  (of  conductivity  o and 
dielectric  constant  c)  occupies  the  lower  half-space  (z  < 0),  while  the 
air  occupies  the  upper  half-space  (z  > 0).  The  magnetic  permeability  of 
the  earth  .issumed  to  equal  u0,  the  permeability  of  free  space.  Meter- 
kilogram-second  (mks)  units  are  employed  and  a suppressed  time  factor  of 
exp( u t I is  assumed . 


LONG  HORIZONTAL  L1NI  SOURCE 
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positive  x direction,  the  resulting  electric  field  in  air  is  given 
exactly  by7 
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i is  the  dielectric  constant  of  the  upper  half-space. 

Now  for  the  quasi-static  range  (y  ~ 0),  Wait  and  Spies3  have  shown 
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Substitution  of  equation  (2)  into  equation  (1)  results  in 
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These  integrals  may  be  readily  evaluated8  to  yield 
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and 
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When  | y 2 | >>  | Y02 ( » the  reflection  coefficient  for  horizontal  po- 
larization (H)  is  equal  to 
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When  |Yoh|  >>  1 and  h >>  z,  and  when  z = h = 0,  equation  (17)  re- 
duces to  the  previously  derived  farfield  results  of  Wait7  (Wait's  equa- 
tions (54)  and  (65)). 

Since  equation  (10)  reduces  to  known  results  when  (a)  l Y0R i I <,:  1» 
(b)  jv0Rj|  >>  1,  and  (c)  o approaches  infinity,  it  will  be  valid  at  any 
range  from  the  source. 

Ihe  magnetic  fields  produced  by  an  infinitely  long  cable  (which  re- 
duce to  equations  (6)  and  (7)  when  | YoR i I 1*  and  which  will  also  be 

valid  at  any  range  from  the  source)  may  easily  be  determined  from  equa- 
tions (5)  and  (10).  Thus,  we  see  that 
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where  Kj  is  the  modified  Bessel  function  of  the  second  kind,  order  one. 


VERTICAL  MAGNETIC  DIPOLE  SOURCE 

The  VMD,  of  infinitesimal  area  A,  is  located  at  height  h with 
respect  to  a cylindrical  coordinate  system.  It  carries  a constant  cur- 
rent I and  its  axis  is  located  in  the  z direction.  When  h and  z are  >_  0, 
the  exact  Sommerfeld  integral  expression  for  the  VMD  Hertz  potential  is 
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The  fields  in  air  are  related  to  the  Hertz  potential  by 
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Substituting  equation  (8)  into  equation  (20)  and  evaluating  the  integral8 
yields 
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where  Rq  is  now  defined  to  be  equal  to  p2  ♦ (z-h)2  and  R^2  is  now  defined 
to  be  equal  to  p2  ♦ (d+z*h)2.  Erom  equations  (21)  and  (22)  we  see  that 


TR  5653 


iuiy  IA 
o 

' 4>  4tt 


-y  R 


IA 
4 TT 


,-(l  + Y R )e 
^ 3 o o' 

o 

-Y  R 


R. 

1 


3(!  ♦ YoRi)e 


-Y  R- 


^Z-h)e  " ■'  I3  ♦ 3y  R ♦ y 2 

00  'o 


R 


rv  r 
O O I 

“l3 

-t 


R»2] 


L(d^h) e ,Y°  1 I + R + 2 2| 

R 5 I 0 1 '0  1 


(23) 


(24) 


and 


IA  I e 
4tt 


-Y  R 
o o 


1 - 


3(z-h) 
R 2 


) (*  + YoRo)  + ,.V] 


-Y  R. 


° 1 |Yj  3(d+z+h)2  \ / \ 2 2~1 1 

JT  \ ~~TT~  \ y°  J y°p  11 ’ 

1 l ' 1 


(25) 


When  IyqRjI  <-c 


equations  (22)  through  (25)  reduce  to 
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(29) 


which  are  identical  to  Bannister's1  previously  derived  quasi-static  range 
finitely  conducting  earth  image  theory  results. 

After  some  manipulation,  it  can  be  shown  that  when  | Y0R i I >:>  1 ancl 
|y2|  i Y02 1 » equations  (23)  through  (25)  reduce  to  the  farfield  re- 
sults of  Norton. 9 
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These  expressions  are  valid  at  all  distances  from  the  source. 

If  p >>  6 and  | y2 I >>  |yq2|,  equations  (23)  and  (25)  reduce  to 
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which  are  identical  to  equations  (30)  and  (31)  when  |yp|  >>  1 (i.e., 
c %>  6 ) and  |'<:’|  >>  |y  2 1 . Thus,  equations  (23)  through  (25)  will  be 
valid  at  any  range  from  the  source. 


CONCLUSION 

In  this  report  we  have  derived  field  component  expressions  produced 
by  vertical  magnetic  dipole  and  long  horizontal  line  sources  which  are 
valid  at  any  range  from  the  source.  These  results  have  been  accomplished 
by  a simple  extension  to  the  Wait  and  Spies  quasi-static  range  finitely 
conducting  earth  image  theory  approximation. 

The  results  presented  in  this  report  can  easily  be  extended  to  a 
multilayered  earth  simply  by  letting  the  (complex)  image  depth  d/2  equal 
(6/2)  (1-i)  Q,  where  Q is  the  familar  plane  wave  correction  factor  em- 
ployed to  account  for  the  presence  of  stratification  in  the  earth. 6>7 
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